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Abstract

As a fundamental factorization operation, the singular value
decomposition (SVD) plays a paramount role in a broad range
of domains such as scientific computing and machine learn-
ing. Due to its computational bottleneck of factorization
for small matrices in real-world applications, many GPU-
accelerated batched SVD algorithms have been investigated
recently. However, these algorithms failed to achieve a bal-
ance between data locality and parallelism because their
workflows depend on the size of each matrix. In this work,
we propose a matrix-size-independent W-cycle algorithm to
accelerate the batched one-side Jacobi SVD on GPUs, which
successfully strikes the balance between data locality and
parallelism. The experimental evaluation demonstrates that
the proposed algorithm achieves 4.5x performance speedup
on average over the state-of-the-art cuSOLVER.

CCS Concepts: - Computing methodologies — Parallel
algorithms; Shared memory algorithms.

1 Introduction

The singular value decomposition (SVD) is a basic matrix
factorization, which is the generalization of eigenvalue de-
composition of a positive semi-definite matrix [2]. It is one
of the most widely used high-performance kernels in diverse
domains such as scientific computing and machine learning.

The recent decade has witnessed the development of the
batched SVD on GPUs [1]. To the best of our knowledge,
the GPU-CPU hybrid algorithm for batched SVD was first
proposed for the detection of quiet targets in underwater
acoustic array signal processing. The algorithm focused on
the pair generation for the Jacobi algorithm and handled the
bi-diagonalization phase of Gram matrices on CPU. After-
ward, the batched SVD on GPU was studied to generate rank
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1 matrices for approximating 2D filters in convolutional neu-
ral networks, which concentrated on efficiently obtaining
the largest singular values and the corresponding singular
vectors of many small matrices with sizes of less than 15 X 15.
And then, for the image mosaic assemble application, conven-
tional methods for batched SVD on GPUs were developed,
where each thread within a warp was applied to compute
the SVD of a single matrix. In recent years, the fine-grained
analysis on batched SVD suggested that the matrices of dif-
ferent sizes need different SVD algorithm designs to achieve
high performance on GPUs [1], and the related works were
primarily matrix-size-dependent, which hardly achieves the
tradeoff between data locality and parallelism.

To address the problems mentioned above, we investigate
the column block orthogonalization deeply and re-design
the workflow. Based on the fine-grain analysis, a W-cycle
algorithm is proposed for accelerating the batched one-sided
Jacobi SVD on GPUs.

Our contributions can be summarized as follows:

e Propose a W-cycle algorithm, which provides a uni-
form workflow for a batch of SVDs to strike the balance
between data locality and parallelism.

e Evaluate and analyze the performance of the W-cycle
algorithm, which proves that the proposed algorithm
supports the batched SVD on GPUs well.

2  W-cycle Algorithm

Figure 1 shows a specific example to illustrate the proposed
W-cycle algorithm, which supports a uniform workflow for
batched SVD with different matrix sizes. Assume that there
are 4 matrices A* (where k = 1, 2, 3, 4) with sizes of 32 X 32,
48 % 48, 32 x 128, and 128 X 128. The W-cycle algorithm
constructs a three-level workflow for their SVDs with the
column widths w; = 32 and w; = 16 for partitioning each
matrix into small sub-matrices at Levels 1 and 2 respectively.
Assume that the shared memory for each thread block can
store 2,304 double-precision elements (2,304 = 48 * 43).
Step 0: The four matrices are placed at Level 0. Since A?
and A? can be entirely stored in the shared memory (SM),
a batched kernel would parallelly accomplish the SVDs of
A! and A? in the shared memory. By using w; = 32, A% is di-
vided into multiple sub-matrices along the column direction.
Denote the i-th and j-th sub-matrices as A;LB) € R332 and
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Figure 1. W-cycle Algorithm for Batched SVD.

A;m) € R332 which are joined together to form AS’3) =
[A§1’3),A§.1’3)]. For A%, AE}A) is generated the same way. The
sizes 0fA§}’3) and AE;A) are 32 X 64 and 128 X 64 respectively.

Step 1: The SVDs of Af}’s) and A;}A) are considered at
Level 1. Since A;}’B) is small enough, its SVD can be executed
in shared memory. Set BSA) = (ASA))TASA) with size of
64 X 64. Since AE;A) and BE}A) are both larger than the shared
memory size, we use wy = 16 to further partition AE}A) into
A}(IZA) € R12X16 3long the column direc-
tion. Further, A;,%IA) = [AI(,ZA),A,(IZA)] € R128X32 j5 generated,
and its SVD is considered at Level 2.

Step 2: At Level 2, Bl = (A*)TAY is a 32x32 Gram
matrix which can be entirely stored in shared memory. A
batched EVD kernel would accomplish the EVDs of matrices
B;,ff) in shared memory parallelly for different p and q. After
the index pairs (p, g) go through all of the available choices,
the workflow goes back to Level 1.

Step 3: At Level 1, the index pairs (i, j) are changed. Steps
1 and 2 are repeated until all the available (i, j) are chosen
exactly once. After that, the workflow returns to Level 0.

Step 4: Repeat the process above from Step 0 to Step 3 for
A3 and A* in aloop. If all the column block sub-matrices of A¥
are orthogonal with each other, the SVD of A* is completed
and A¥ jumps out the loop (k = 3 or 4). When the loop is
finished, the W-cycle algorithm ends.

smaller sub-matrices

3 Evaluation

Figure 2 shows the performance comparison of the W-cycle
algorithm with the batched SVD kernel in cuSOVLER on
NVIDIA V100 GPU. The W-cycle algorithm achieves 4.5x
performance speedup on average. The observation from the
results is as follows.

Firstly, we find that when m and n are fixed, the perfor-
mance benefit of the W-cycle algorithm increases as the
batch size enlarges. Since both rows and columns are not
larger than 32, every matrix can be stored entirely in shared
memory. In this case, there are 2 levels in the W-cycle algo-
rithm, and each SVD is executed by a batched kernel function,
which maximizes the data reuse in shared memory.
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Figure 2. Performance Improvement over cuSOVLER.

Secondly, when the batch size is fixed, the performance
benefit of the W-cycle algorithm increases with the decrease
of matrix size. The reason is that our design could achieve
higher parallelism for SVDs of smaller matrices.

Thirdly, compared with the batched SVD with sizes of
m > n, the W-cycle algorithm achieves higher speedup for
SVDs with m < n. Because, for any matrix with m < n, its
transpose is used to generate SVD, which could decrease the
number of iterations.
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